Warm inflation is analyzed in the context of Loop Quantum Cosmology (LQC). The bounce in LQC provides a mean through which a Liouville measure can be defined, which has been used previously to characterize the a priori probability for inflation in LQC. Here we take advantage of the tools provided by LQC to study instead the a priori probability for warm inflation dynamics in the context of a monomial quartic inflaton potential. We study not only the question of how a general warm inflation dynamics can be realized in LQC with an appropriate number of e-folds, but also how such dynamics is constrained to be in agreement with the latest cosmic microwave background radiation from Planck. The fraction of warm inflation trajectories in LQC that gives both the required minimum amount e-folds of expansion and also passes through the observational window of allowed values for the tensor-to-scalar ratio and the spectral tilt is explicitly obtained. We find that the probability of warm inflation with a monomial quartic potential in LQC is higher than that of cold inflation in the same context. Furthermore, we also obtain that the a priori probability gets higher as the inherent dissipation of the warm inflation dynamics increases.
I. INTRODUCTION
The inflationary scenario [1] is the current paradigm for the evolution of the early universe. Inflation is able to explain several puzzles of the standard Big Bang cosmology, solving the horizon and flatness problems and explaining the origin of inhomogeneities in the universe, leading to large scale structure formation, based on causal physics. Despite of its great success, standard inflation has always been challenged by several conceptual problems since its inception. The need for a large amount of fine-tuning in the parameters of the model, the difficulties associated with the process of reheating and the problem in determining an appropriated measure with which one can determine probabilities [2] , are some of the problems which has been topic of much debate [3] [4] [5] . In addition, after the Planck results [6, 7] , some of the simplest inflationary models, like the monomials quadratic and quartic potentials for the inflaton field, were also disfavored by the data.
It is interesting to note that some of the aforementioned problems have been analyzed in the context of warm inflation (WI) dynamics. WI [8] differentiates itself from the usual cold inflation (CI) picture by accounting for the possible nonequilibrium dissipative processes emerging from the microscopic dynamics of the inflaton field and its necessary couplings to other particle fields degrees of freedom. It has been shown that nonequilibrium dissipation still during the slow-roll evolution of the inflaton field can be potentially strong enough to produce a quasi equilibrium thermal radiation bath during inflation. Along with the produced dissipation effect, this can strongly affect the dynamics of inflation both at the background and perturbation levels (for reviews on WI, see, e.g., Refs. [9, 10] ). WI has much developed in recent years such as to be able to provide insights on some outstanding problems related to the inflationary picture and which CI cannot directly answer. Some of these insights include for example the question of eternal inflation in the context of WI [11] , a solution for the so called η−problem [12] that appears in supergravity or string inflation models, the role of dissipation in selecting favorable inflationary trajectories and in alleviating the fine-tuning problem of inflation [13, 14] (see also Ref. [15] for a recent detailed analysis of the effect of dissipation and stochastic noise effects, typical of warm inflation dynamics, in setting initial conditions for inflation). This latter point is also connected with the naturalness of inflation. It intends to address the question of whether a sufficient duration of slow-roll dynamics can occur naturally or if it requires a careful fine-tuning of initial parameters. Already in Ref. [16] it was shown that inflation can be more general in the presence of dissipation. As it is well known [17] [18] [19] [20] [21] WI is also able to decrease the tensor-to-scalar ratio value, rehabilitating several models ruled out in the CI context by the Planck data. In particular, recently in Ref. [22] it was analyzed how several primordial inflaton potentials can be rendered compatible with the recent Planck data in the context of WI.
In spite of all the progress made in CI and WI, neither can address one of the most important aspects of the Big Bang cosmology, the singularity problem, which is in fact a problem related to the General Relativity (GR). For any equation of state obeying the strong energy condition p > −ρ/3, regardless of the geometry of the universe, the scale factor in a Friedmann-Lemaître-Robertson-Walker (FLRW) metric vanishes at t = 0, and the matter density diverges, leading to a collapse in FLRW geometry. In fact, all the curvature invariants become singular, which is the reason why this is called the Big Bang singularity problem. However, it is common sense that in approaching the Big Bang singularity we should enter in a regime where modifications of GR are important, since ultraviolet effects are expected to become relevant in the large curvature regime. It was shown that in some scenarios these effects can smooth the Big Bang singularity. In particular, one of these scenarios, which is believed to be a possible candidate for a quantum theory of gravity, is Loop Quantum Gravity (LQG) (see, e.g., Refs. [23, 24] for some recent reviews). LQC arises as the result of aparXiv:1805.05985v1 [gr-qc] 15 May 2018 plying principles of LQG to cosmological settings (see, e.g., Refs. [25] [26] [27] for recent reviews). In LQC, which is the formalism we will be focusing in this work, the quantum geometry creates a brand new repulsive force that is totally negligible at low space-time curvature but rises very rapidly in the Planck regime, overwhelming the classical gravitational attraction. In cosmological models, while Einstein's equations hold to an excellent degree of approximation at low curvature, they undergo major modifications in the Planck regime: For matter satisfying the usual energy conditions any time a curvature invariant grows to the Planck scale, quantum geometry effects dilute it, thereby resolving singularities of GR [25, [28] [29] [30] . In addition, as shown in Refs. [31, 32] , the ambiguity in defining a measure present in GR is naturally resolved in LQC because in these scenarios the Big Bang is replaced by a Big Bounce, and the bounce surface can be used to introduce the structure necessary to specify a satisfactory Liouville measure. Using this feature, the authors in Ref. [32] then makes a detailed investigation of what would be the a priori probability of a sufficiently long slow roll inflation in LQC which is compatible with the data. Taking a monomial quadratic inflaton potential as an example, they then showed that the a priori probability of having enough inflation (i.e., such that the number of e-foldings is N e 67 as considered in Ref. [32] ) is very close to one. The probability problem of inflation in LQC was also subsequently investigated in Ref. [33] , while in Ref. [34] a throughout interpretation of the Liouville measure provided in LQC was given (see also Refs. [35, 36] for a different approach for determining the probability of inflation in LQC).
In the present work, we make a detailed analysis of the dynamical system of equations for inflation in LQC, including dissipative effects in the context of WI. By taking advantage of the fact that LQC provides a well defined measure with which one can compute probabilities for trajectories in phase space to have some minimum number of e-folds, we then apply that for WI. We firstly analyze the fraction of solutions in the phase space which gives the expected amount of inflation, as done in previous works in the context of CI [32, 33] . Then we go a step further and obtain also the fraction of those trajectories in WI that is consistent with the Planck data, i.e., those trajectories that cross the observational window of values for the tensor-to-scalar ratio r and the spectral tilt n s . This is done in particular for the chaotic monomial quartic inflaton potential in the context of WI. Recall that even though LQC can predict that inflation can be quite natural with such potential, giving a probability quite close to one for obtaining at least the minimum number of e-folds needed to solve the flatness and horizon problems, the quartic potential in CI is well excluded by the Planck data [7] . Thus, even in LQC, there would be simply a vanishing probability of rendering this potential in CI compatible with the present observational data As already mentioned, in WI the monomial quartic potential can be rendered compatible with the observations as a consequence of dissipative effects. See in particular Refs. [18, 37] for two particular realizations in the context of WI which we will also consider in the present work. Thus, we not only access the probability of WI in LQC, but also its viability when enforcing that those inflationary trajectories should necessarily satisfy the observations. Although there have been some previous studies of WI in LQC [38] [39] [40] [41] [42] [43] [44] , none of these works have focused on the questions we aim to answer in this work and, in particular, on the probability of WI in LQC. In addition, we also make use here of the most well motivated forms of the dissipative dynamics in WI, as derived by successful microscopic dynamics in nonequilibrium quantum field theory applied to WI model building.
This paper is organized as follows. In Sec. II, we briefly introduce some of the key expressions in LQC and the respective dynamics in the context of WI. Both the basic background quantities and the results for the primordial power spectrum in WI are given. In Sec. III, we give some examples of evolution in the LQC context and obtain the relevant input to be used in the computation of the probability, based on the Liouville measure introduced in Refs. [31, 32] . In Sec. IV, we compute the a priori probability of WI in LQC for different dissipation models, focusing on the cases leading to consistency with the Planck results. Finally, in Sec. V, we give our conclusions and comment on possible extensions of this work.
II. WARM INFLATION IN LQC
Let us start this section by very briefly reviewing some of the relevant results from LQC that will be useful for us. Then, we will also present some of the equations and corresponding dynamics of WI.
A. LQC dynamics
In LQC cosmological models are quantized using the methods of LQG. Below, we follow Ref. [32] in order to briefly introduce the modification of the Friedmann's equation in LQC. The spatial geometry in LQC is encoded in the volume of a fixed, fiducial cubic cell, rather than the scale factor a, denoted by
where V 0 is the comoving volume of the fiducial cell, γ is the Barbero-Immirzi parameter of LQC, whose numerical value we set as given by γ 0.2375, obtained from black hole calculations [45] , and
18 GeV is the reduced Planck mass. The conjugate momentum to v is denoted by b and it is given by where λ is the constant
The solution of the LQC effective equations implies that the Hubble parameter can be written as
In LQC, b ranges over (0, π/λ) and GR is recovered in the limit λ → 0. The energy density ρ relates to the LQC variable b through sin 2 (λb)
which combined with Eq. (2.5), leads to the Friedmann's equation in LQC,
where
(2.8)
We now see explicitly from Eq. (2.7) that the singularity is replaced by a (quantum) bounce when H = 0 and the density reaches the critical value ρ cr . In particular, for ρ ρ cr we recover GR as expected. It is important to stress that the expression (2.7) holds independently of the particular characteristics of the inflationary regime.
B. WI background dynamics
In WI it is important to account explicitly for the presence of radiation. Hence, the total energy density in Eq. (2.7) is given by 9) which accounts for the presence of the radiation fluid and the scalar field (the inflaton) φ. In this work we are going to consider explicitly the monomial quartic potential for the inflaton
where Λ/M 4 Pl denotes here the (dimensionless) quartic coupling constant. The inflaton field φ and the radiation energy density ρ R form a coupled system in WI dynamics, with background evolution equations given, respectively, byφ 12) where Υ(φ, T ) is the dissipation coefficient in WI, which can be a function of the temperature and/or the background inflaton field. We will define below explicitly the two cases of dissipation coefficient we will be considering in this work. For a radiation bath of relativistic particles, the radiation energy density is given by ρ R = π 2 g * T 4 /30, where g * is the effective number of light degrees of freedom (g * is fixed according to the dissipation regime and interactions form used in WI).
The dissipation coefficient Υ in Eqs. (2.11) and (2.12) embodies the microscopic physics resulting from the interactions between the inflaton and the other fields that can be present and accounts for the nonequilibrium dissipative processes arising from these interactions [9, 46] . In particular, we have two relevant cases of dissipation originating from previous explicit quantum field theory model building for WI. In the first case, the inflaton is coupled to heavy intermediate fields, that are in turn coupled to light radiation fields. As the inflaton slowly moves according to its potential, it can trigger the decay of these heavy intermediate fields into the light radiation fields and generates a dissipation term for the inflaton [47] . In this case, the resulting dissipation coefficient can be well described by the expression [9, 46, 48] 
where C 3 is a dimensionless parameter that depends on the interactions specifics. Hereafter we refer to the above Υ cubic as the cubic dissipation coefficient. This is obtained in the so-called low temperature regime for WI [9, 46, 48] , in which the inflaton only couples to the heavy intermediate fields, whose masses are larger than the radiation temperature and, thus, the inflaton gets decoupled from the radiation fields. Typically, to be able to generate large enough dissipation through the above mechanism, it is required in general a large number of heavy intermediate fields [48] . This then reflects in the fact that for relevant dynamics leading to WI in this case, the constant C 3 in the Eq. (2.13) is typically a very large number.
More recently, it was realized another mechanism able to lead to a successful WI regime that requires minimal field content [37] . In Ref. [37] an explicit WI model realization in particle physics was constructed. It is based on a construction used in Higgs phenomenology beyond the standard model, which uses a collective symmetry where the inflaton is a pseudo-Goldstone boson. In this case the inflaton can be directly coupled to the radiation fields and gets protection from large thermal corrections due to the symmetries obeyed by the model. The resulting dissipative coefficient, here obtained in the so called large temperature regime (where the fields coupled to the inflaton are light with respect to the ambient temperature), is given simply by [37] Υ linear = C 1 T, (2.14)
where C 1 is again a dimensionless parameter, like C 3 in Eq. (2.13), that depends on the specific interactions of the model and that leads to Eq. (2.14) (see, e.g., Ref. [37] for details). In general we have that C 1 C 3 , reflecting the smaller field content required here as compared with the cubic form of the dissipation coefficient. Hereafter, we refer to the above equation (2.14) as the linear dissipation coefficient.
C. The scalar curvature power spectrum in WI
In WI not only the background dynamics gets modified, but also the primordial power spectrum can be strongly influenced by the presence of the dissipative effects and the produced radiation bath. WI at the perturbation level has been studied by many works previously (see, e.g., Refs. [49] [50] [51] [52] [53] ). The power spectrum in WI can be written explicitly as [17] 
where Q * denotes the ratio
The subindex " * " indicates that the quantities are evaluated at Hubble radius crossing. The quantities in the primordial power spectrum of Eq. (2.15) are then evaluated when the relevant CMB modes cross the Hubble radius around N * ≈ 50 − 60 e-folds before the end of inflation. In this work we will consider N * = 60 for definiteness. In Eq. (2.15), n * denotes the inflaton statistical distribution due to the presence of the radiation bath. Here, as also in previous works (e.g., like in Ref. [22] ), we will assume a thermal equilibrium distribution function n * ≡ n k * for the inflaton and, thus, it assumes the BoseEinstein distribution form, n * = 1/[exp(H * /T * ) − 1]. In fact, as shown recently in Ref. [54] , due to the presence of the radiation bath and the inflationary dynamics itself in WI, there can always be a nonvanishing statistical distribution for the inflaton which can be close to the thermal one, even if the inflaton interaction rate with the radiation bath particles is smaller than H. The function G(Q * ) in Eq. (2.15) accounts for the growth of inflaton fluctuations due to its coupling with the radiation fluid (this comes explicitly from the expression for the dissipation coefficient Υ, which in general is an explicit function of the temperature, thus coupling both inflaton and radiation perturbations). It can only be determined numerically by solving the full set of perturbation equations found in WI [19, 37, 50, 51] . According to the method of the previous works, we use a numerical fit for G(Q * ). Here we follow the notation used in Ref. [ Note that the CMB data constrains the amplitude of the scalar curvature power spectrum at a pivot scale k * as being ∆ R (k = k * ) 2.2 × 10 −9 , with k * = 0.05Mpc −1 , as considered by the Planck Collaboration [7] . This is the CMB normalization we use in this work.
Given the scalar curvature power spectrum expression, Eq. (2.15), the tensor-to-scalar ratio r and the spectral tilt n s follow from their usual definitions, just like in the CI case,
and 20) where
is the tensor power spectrum. Due to the weakness of gravitational interactions, the tensor modes are expected not to be affected by the dissipative dynamics and ∆ T remains essentially unaltered from the CI result [17] (see also Ref. [55] for a recent study on the possible changes of the tensor spectrum in WI).
In Fig. 1 we show the results obtained for both r and n s in WI for the two forms of dissipative coefficients given by Eqs. (2.13) and (2.14). For reference, in each dissipation case, we have indicated the values of the dissipation ratio Q * for which we can find consistency with the Planck results. For the cubic dissipation coefficient form, we thus find that WI with the quartic inflaton potential can be rendered compatible with the Planck data for values of dissipation ratio Q * satisfying 1.8 × 10 Q * 3.08. Note that in CI, for the quartic potential we have that r 0.266 and n s 0.95, thus laying well outside the allowed Planck region. WI dissipative effects effectively decreases the tensor-to-scalar ratio, making the quartic potential compatible with the data (see also Refs. [56, 57] for recent works showing the compatibility of the quartic potential in WI with the Planck data). 
D. Corrections to the power spectrum from LQC
To get the results given in the previous subsection, we have considered the dynamics as in the standard GR case, thus neglecting the LQC correction to the Friedmann's equation (2.7) . This is consistent if we compare the total energy densities in the cases studied here with the critical density Eq. (2.8). For instance, for the cases shown in Fig. 1 , we have that the largest energy density for the cubic dissipation case is reached for the value Q * = 1.8 × 10 −5 . The energy density in this case is ρ * ≡ ρ φ, * + ρ R, * 3.45 × 10
Pl . For the linear dissipation case this happens at Q * = 4.0 × 10 −7 , with an energy density ρ * 3.39×10
Pl . Hence, in both cases we have that ρ * ρ cr 258.58M
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Pl and quantum effects on the geometry from LQC can be neglected in principle. However, even though at the background level this can be certain, we have to evaluate with care the LQC contributions at the perturbation level. In particular, the power spectrum can receive important contributions due to LQC, including even the presence of features, as recent works have shown.
In the cold inflationary scenarios in GR, it is assumed that the pre-inflationary dynamics does not have any effect on modes that are observable in the CMB. In these scenarios, these modes have physical wavelengths smaller than the curvature radius at the onset of inflation and all the way back to the Big Bang. Modes with such wavelengths do not feel the effects of the curvature, and then propagates as if they were in flat spacetime, with a trivial dynamics. However, the situation is different in LQC due to the distinct pre-inflationary dynamics. In this scenario some of the relevant modes have physical wavelengths comparable to the curvature radius at the bounce time.
As showed by Parker [58] , modes that experience curvature are excited. So, large wavelength modes are excited in the Planck regime that follows the bounce. As a consequence, at the onset of inflation, the quantum state of perturbations is populated by excitations of these modes over the Bunch-Davis vacuum, changing the initial conditions for perturbations at the onset of inflation [59] . Due to this, the scalar curvature power spectrum in LQC gets modified with respect to GR, such that it can be written as
where α k and β k are the Bogoliubov coefficients, where the pre-inflationary effects are codified and ∆ GR R is the GR form for the power spectrum, e.g., given by Eq. (2.15) . Below, we follow, in particular, the derivation done recently in Ref. [60] . Equation (2.21) can be parametrized as
The factor δ P L in the above equation is k-dependent and it takes into account the LQC corrections. It is given by [60] 
where ϕ k is given by
24) where the a 1 , a 2 , a 3 are defined as a 1,2 = (1 ± 1/ √ 3)/2 − ik/( √ 6k B ) and a 3 = 1 − ik/( √ 6k B ) and the index B in the quantities in the above equations indicates that they are calculated at the bounce. In particular, η B is the conformal time at the bounce and k B = √ ρ cr a B /M Pl is a characteristic scale at the bounce. The term in Eq. (2.23) with cos(2kη B + ϕ k ) oscillates very fast and has negligible effect when averaging out in time. The factor δ P L then simplifies to
Since this pre-factor represents the effects of the preinflationary dynamics, it has the same expression in both the cold and warm inflationary pictures.
Likewise, the tensor spectrum in the LQC can be written as [60] 
where ∆ GR T (k) is the tensor spectrum in standard CI. As already explained in the previous subsection, due to the weakness of gravitational interactions, ∆ GR T (k) in WI has basically the same expression as in CI. It is remarkable to note that the pre-factor δ P L for both scalar and tensor perturbations are equal, and are given by Eq. (2.25). As a result, the tensor-to-scalar ratio is the same as that given in GR.
As discussed by the authors of Ref. [60] , in standard inflation, in addition to the usual number of e-folds N * ≡ ln(a end /a * ) ≈ 60 required in general, it is necessary an extra amount of expansion δN ≡ ln(a * /a B ) 21, in order for the model to be consistent with observations. As shown in Ref. [60] , after the effects of the preinflationary dynamics are taken into account, the power spectra are generically scale-dependent and exhibits oscillatory features (note that oscillatory features in the power spectrum in bouncing models is a generic result, as shown, e.g., recently in Ref. [61] ). As a consequence, in order to be consistent with observations, the universe must have expanded at least 21 e-folds from the bounce till Hubble radius crossing at the observables scales, such as to allow for these scale-dependent features to get sufficiently diluted away and not spoiling the perturbation spectra of CMB. This is why, in the analysis that will follow below, in addition of the usual minimum 60 e-folds of inflation (referring to the amount of expansion from Hubble radius crossing N * to the end of inflation), we will also consider at least 21 additional e-folds from the bouncing time till N * . Therefore, we will consider a total of at least 81 e-folds from the bounce till the end of inflation, such that any pre-inflationary effects are sufficiently diluted and do not spoil the observed spectrum (see also Ref. [62] and references therein for a discussion about these and other LQC effects).
III. ILLUSTRATION OF THE DYNAMICS IN LQC FOR THE CI AND WI PICTURES
A. The phase space system
It is always useful to look the background dynamics as a dynamical system. In this way, the inflaton's equation of motion, Eq. (2.11), together withφ = dφ/dt and the time derivative for the Hubble parameter,
form a three-dimensional (dissipative) dynamical system 2 in the phase space (φ,φ, H). Since the radiation energy density satisfies ρ R ≥ 0 by definition, we thus have, from Eq. (2.7), that φ,φ and H satisfy the inequality
Hence, it defines a volume in the phase space (φ,φ, H) such that the physical region ρ R ≥ 0 is inside this volume. In LQC, the upper half of this volume, H ≥ 0, corresponds to those trajectories that evolve from the bounce time to the future. In the absence of radiation, ρ R = 0, the equality in Eq. (3.2) represents a surface, or more particularly in the language of dynamical systems, an invariant manifold. As a consequence, all initial conditions chosen on this surface will produce trajectories that evolve on it and end towards the origin. While for the dissipative system, in which ρ R = 0, all trajectories with initial conditions taken inside this volume, they will evolve inside the volume of the invariant manifold. Trajectories with initial conditions taken externally to the invariant manifold, will evolve towards it, being this region then an attractor in phase space. The inflationary region in this phase space is defined by the condition,
In Fig. 2 we show an example of phase space volume in LQC for the case of the quartic potential, Eq. (2.10), with a fixed value of coupling constant Λ/M 4 Pl 1.51 × 10 −13 . For comparison, we also show the corresponding volume in the GR case. Note that in LQC, H is naturally bounded from above, H max = 1/(2γλ), as seen explicitly from Eq. (2.5), while, of course, there is no such upper bound in GR. In Fig. 2 we have truncated H in the GR case at the same value of H max in LQC for illustration. The two regions coincide when ρ ρ cr , but they departure from each other as we approach the critical density value ρ cr . The bounce points (shown by the horizontal dashed curve) in the phase space are clear in Fig. 2 . The invariant manifold is always given by the external surface of the volumes in Fig. 2 . The black line in Fig. 2 shows an example of trajectory in the phase space in the CI case, for the quartic coupling value given above, evolving from the bounce (with kinetic energy dominated initial conditions) forward in time. We can see that the Hubble parameter starts from H = 0 at the bounce and then increases until it reaches its maximum value, when it starts decreasing again, reaching a small positive value. Since it is a case in the absence of dissipation (CI), the trajectory evolves on the invariant manifold.
FIG. 2:
The phase space available in the cases of LQC (external orange region) and in GR (internal green region). The black curve shows an example of a trajectory evolving from the bounce forward in time. The horizontal dashed curve indicates the location of the bounce, in the plane (φ,φ).
B. Dynamics of WI in LQC
Let us now expose some of the explicit results concerning the dynamics evolution of WI in LQC. As already discussed in Sec. I, our interest is in investigating those cases for which the inflationary trajectories will cross the favorable Planck region for the observables r and n s . Therefore, we focus on the results leading to those trajectories shown in Fig. 1 . Each of the indicated dissipative points shown in Fig. 1 can be regarded as a different model, whose more fundamental origin can be seen as coming from some explicit model building for WI, which we have discussed in Sec. II B (but whose detailed particle physics specifics we will not be concerned here). Thus, we specify six cases we are going to analyze, corresponding to the points shown in Fig. 1: (a) two initial conditions leading to trajectories passing at the top extrema of the 2σ CL of the Planck contour, corresponding to the lowest values of the dissipation (one for each of the two dissipation cases given previously); (b) two initial conditions (again, one for each dissipation coefficient form) leading to trajectories passing at the center values of (r, n s ) in the Planck contour; and finally, (c) two initial conditions leading to trajectories leaving the right extremum of the 2σ CL of the Planck contour (corresponding to the cases with the largest values of dissipation coefficient consistent with the observational data).
Our numerical strategy is the following: First, the values of the field, its time derivative and the radiation energy density are obtained in each of these cases, i.e., the values of φ * ≡ φ(N * = 60),φ * ≡φ(N * = 60) and ρ R, * ≡ ρ R (N * = 60); Then, we extrapolate the dynamics backwards in time up to the bounce time (which from now on is assumed to be our initial time, with N e = 0) and obtain the respective values of the field, its time derivative and the radiation energy density at the bounce in each case, φ B ,φ B and ρ R,B . By doing this we are certain that the evolution from this instant forward in time will lead to trajectories passing through each of the points shown in Fig. 1 . As already mentioned, we focus on the cases in which from the bounce initial time till the inflationary region (with Hubble radius exit at N * = 60), there is at least 21 additional e-folds of evolution, such as to allow enough time to dilute the effects discussed in Sec. II D. In addition, we will focus essentially in the case of a kinetic energy dominated bounce, i.e., ρ B ∼ ρφ ,B ≡φ 2 B /2 ∼ ρ cr , with a negligible initial radiation energy density 3 . Thus, at the bouce, we always have ρφ ,B V (φ B ) ρ R,B . We make this choice since this is expected to be the most relevant case concerning the conditions emerging from the bounce (see, e.g., Refs. [31, 32] ). A bounce dominated by the potential energy of the inflaton will always lead to extremely large number of e-folds of inflation (thus inflation is certain). In the case of a radiation energy dominated bounce, besides not being a common assumption in bouncing models (see, however, Ref. [63] ), it also prevents inflation in general, except in those cases in which the inflaton potential energy density is large enough such that, as the radiation energy density dilutes faster, V (φ) can come to dominate at some point and leading to inflation (see, e.g., Ref. [15] for a discussion of the initial condition problem for inflation in this context). Since this later case is rather model dependent, we avoid addressing such situation here.
The relevant values of parameters following from the above described strategy are given in Tab. I. Since all previous results in CI have focused essentially in the monomial quadratic potential, for completeness we also give the results of CI for the quartic potential, which will be useful for future comparison with WI. In Tab. I we give the results for different inflaton coupling constants Λ/M 4 Pl for each of the cases studied. These values enforce that the amplitude of the primordial scalar power spectrum is normalized with the Planck CMB results, i.e., ∆ R (k = k * ) 2.2 × 10 −9 . The values of the dissipation coefficient Q refers to those given in Fig. 1 . The values of φ min and φ max give the range of initial values of in- flaton amplitude for which we have less that N e 81 e-folds of expansion from the bounce till the end of inflation, i.e., for field values satisfying φ min φ φ max , we have N e 81 e-folds of expansion. The values of φ B given in Tab. I are the maximum allowed initial values of the inflaton field, which correspond to the cases of a bounce dominated by the potential energy V (φ). These values are used in the definition of the probability that we are going to compute in the next section following the method given by the authors in Refs. [31, 32] .
In Figs. 3 and 4 we illustrate the dynamics of WI and we also contrast it with the case of CI. For convenience, in the WI case, we use the models for which the dissipation coefficients correspond to the central values in Fig. 1, i. e., for Q * = 6.7 × 10 −3 in the cubic dissipation coefficient case and for Q * = 0.92 in the linear dissipation one.
In Fig. 3 it is shown the evolution of each of the energy density components, i.e., the potential energy density V (φ), the kinetic energy densityφ 2 /2 and the radiation energy density ρ R . As already clarified before, our initial conditions at the bounce (where we set N e = 0 in the numerical calculations) always start with a kinetic energy dominated regime, withφ
Notice that this refers to a stiff like matter initial evolution (with equation of state w = 1). The kinetic energy quickly dilutes away, since ρφ ∝ 1/a 6 . Then, around N e ∼ 5, the potential energy density starts to dominate and the inflationary regime starts. Note that in the CI case, shown in the panel (a) in Fig. 3 , inflation ends when the kinetic energy tends to the potential energy value and the usual (p)reheating phase can follow subsequently. The situation is different in the two WI cases. As shown in the panels (b) and (c) in Fig. 3 , inflation tends to end now when the inflaton potential energy density reaches an equality with the radiation energy density produced by the dissipative process in WI. As it is typical in WI, inflation ends entering smoothly into the radiation dominated regime, without a subsequent (p)reheating phase a priori. In the two panels for the WI examples, we also see that immediately after the bounce, the radiation density is still very small relative to the potential energy.
This phase actually corresponds to a superinflation phase (happening also in the CI case), which is a typical behavior seen for LQC in the presence of scalar fields (see, e.g., Refs. [31, 32] ). This super inflation regime starts right after the bounce, when H = 0 and lasts till H reaches its maximum values (Ḣ = 0).
Note also that in the WI case, the fast evolution of the inflaton field also triggers a large radiation production through the dissipative term. The radiation energy density now raises above the potential energy and this coincides with the end of the superinflation. From this point on, the system behaves as radiation dominated and the radiation energy density decreases as ρ R ∝ 1/a 4 and faster than the potential energy density, till the latter dominates (at around N e ∼ 8 in the two WI cases shown) and the regular inflationary regime starts.
The evolution behavior in the three regimes: superinflation immediately following the bounce, a noinflationary regime and the inflationary regime, can also be seen explicitly in Fig. 4 , where we show the slow-roll coefficient 4) an instant after the bounce. It can be clearly seen in all three panels of Fig. 4 that we have a very short superinflation accelerated phase (with H < 0) lasting a fraction of an e-fold, which, after a very short transient phase, it is followed by a regular non-accelerated evolution (with H > 1) that lasts around 4 to 8 e-folds. This phase is then followed by the regular inflationary phase lasting around the remaining 73 to 77 or so e-folds.
IV. PROBABILITY OF WI IN LQC
The equation of motion for the volume variable v(t) of LQC (defined by Eq. (2.1)) and for the inflaton φ(t) can be written in WI as with ρ ≡φ 2 /2 + V (φ) + ρ R in Eq. (4.1). Here we will follow closely the procedure of Ref. [32] in their definition of the Liouville measure used in the definition of the a priori probability of inflation and extend it to WI. Let us denote the phase space as Γ. 
is the Planck length. The Liouville measure on Γ is simply dµ L = dv db dφ dp φ . The LQC Friedmann equation implies that these variables must lie on a constraint surfacē Γ defined by 3π 2λ 2 sin 2 λb = 8πM
The variables (v, b; φ, p φ ) evolve via the system of coupled
6)
We can see that the production of radiation during inflation implies in an additional term in the expression oḟ p φ . By using the above equations we can analyze which fraction of all possible initial conditions evolves to an inflationary stage with the expected amount of slow-roll expansion. This will give us the probability that a sufficient amount of inflation occurs, which will provide us with means to address the question of the naturalness of inflation in the more general context of a dissipative system. Below we will then compute this probability for the two models of WI discussed in the previous sections and for each of the values of dissipation coefficient ratio (models) given in Tab. I.
In order to compute the probability of WI in LQC we need to obtain the Liouville measure on the space S of solutions to the equations of motion (4.1) and (4.2). This space of solutions S is found to be isomorphic to a gauge fixed surface, a surfaceΓ ofΓ which is intersected by each dynamical trajectory only once [32] . Since the LQC variable b is monotonic along dynamical trajectories, we can choose b = b 0 (where b 0 is a fixed constant) within Γ. The Liouville measure dμ L on S is independent of the choice of b 0 . The most natural choice in LQC is to set b 0 = π/2λ, the 'bounce surface'. The induced measure on S, dμ L = (p φ /v)dφdv can then be written, using Eq. (4.3), as,
Now, if (φ(t), v(t)) is a solution to the equations of the system and let α be some constant, then (φ(t), αv(t)) is also a solution, since the rescaling by a constant corresponds to a rescaling of spatial coordinates (or of the fiducial cell) under which physics does not change. Therefore, this transformation corresponds to a gauge motion [32] . When computing the probabilities we can fix v = v 0 in the integrals and we can define the volume v 0 at the bounce to be 1. v 0 rescales the measure by a constant and therefore drops out in the calculations of probabilities. In conclusion, we made two gauge choices, b = b 0 and v = v 0 . The probability of occurrence of an event E can then be written as the fractional volume of the region R(E) in S associated with the solutions in which E occurs. We can define this probability as
Therefore, we can consider our gauge choices in Eq. (4.9) in order to write the probability for the occurrence of a determined amount of slow-roll inflation as [32] P (E) = 1
where we have used Eq. (2.8) and in the integration sign of the above equation I(E) indicates that the integral limits correspond to the limits on φ that generates the determined amount of slow roll inflation. The normalization N in Eq. (4.11) is given by
Unlike the integral limits in Eq. (4.11), in the expression for N the integral covers the whole range of possible initial values for the variable φ. The quantities in the above expressions are evaluated at the bounce. For simplicity, firstly we are going to compute the probability for the occurrence of less than 81 e-folds of expansion from the bounce until the end of inflation, P Ne≤81 . The values φ max and φ min , given explicitly in Tab. I, correspond to the maximum and minimum values, respectively, for the inflaton that gives less than 81 e-folds of expansion. After computing P Ne≤81 , the probability for occurrence of the expected amount of expansion (i.e., more than 81 e-folds until the end of inflation) can be easily obtained as P Ne>81 = 1 − P Ne≤81 . In terms of the quartic potential for the inflaton, Eq. (2.10), we have that the probability P Ne≤81 can be explicitly expressed as Using the values given in Tab. I, the computation of the quantity P Ne>81 = 1 − P Ne≤81 is straightforward. Table II shows the results for the probability P Ne>81 of occurrence of the expected amount of inflation for all the inflationary models, represented by the points shown in Fig. 1 . We can see that the probability is always very close to one in all the cases analyzed. We observe that the probability for the occurrence of a sufficient amount of WI is larger (although slightly) than the one for CI.
We also see that in each of the WI models considered, the probability tends to increase with the dissipation. This can be interpreted by the fact that in the presence of dissipation, the trajectories are attracted faster to the inflationary region and they stay longer there [13, 16] . Thus, the probability tends always to be larger in WI than in CI.
V. CONCLUSIONS
In this work we have considered the warm inflationary scenario in the context of LQC. We have analyzed the modifications in the dynamical system due to quantum effects on the geometry from LQC, which produces a bounce in the place of the singularity of GR. The presence of the bounce sets the appropriate conditions where a Liouville measure can be defined properly and probabilities be computed. We have then taken advantage of this to extend previous analysis of the a priori probability in the CI picture to the case of WI. We have focused our analysis for the case of a monomial quartic potential for the inflaton, which despite being excluded in the CI case, it is not in WI. We have then obtained the appropriate conditions for which the consistency with the Planck data is assured. From these, we were able to determine the initial conditions set at the bounce which would lead to trajectories in the phase space exactly passing through the allowed Planck region in the (r, n s ) plane. Our results have demonstrate that in WI we have a superinflation phase, as expected in general, followed by a noninflationary radiation dominated region, followed then by the usual slow-roll inflationary region, lasting long enough. In the examples given, we have also shown that this inflationary region can end smoothly in a radiation dominated regime, as is expected in general in WI.
Our results for the probability for the occurrence of at least 81 e-folds of inflation in the WI models were all consistently higher that in the CI picture. Furthermore, with the monomial quartic inflaton potential used and for the different dissipation coefficients considered, these favorable trajectories are all consistent with the Planck data. This is opposite to what happens in the CI case. In CI, despite the probability of trajectories with enough e-folds of inflation is highly probable, none of them is able to satisfy the observations.
It would be interesting, as a future work, to also study other different inflationary potentials for WI in the LQC context. In addition, a close connection with model building in WI, in the lines of e.g. Ref. [37] , would also help to access these probabilities in terms of the microscopic parameters (i.e., the couplings and energy scales) of the model. This could help in constraining further these parameters and helping in the model building for WI.
